ABSTRACT
INTRODUCTION
Although external plate bonding to the surface of existing reinforced concrete (RC) structures has been widely accepted as an effective technique of structural upgrading, there are little independent design guidelines 1,2 and related code regulations. For example, there is no British Standard dealing specifically with the structural design of RC beams strengthened with FRP laminates.
The experimental research carried out on RC beams strengthened in flexure by externally bonded FRP laminates [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] identified two general mechanisms of failure, namely flexure and premature. The flexural mechanism of failure is usually due to 2 either the tensile rupture of FRP laminates or concrete crushing in compression before or after yielding of internal steel reinforcement. The premature failure is attributed to de-bonding or de-lamination of FRP plate ends and ripping off the concrete cover along the internal steel reinforcement level. Experimental tests 5, 8, 9, 11, 14 indicated that increasing the anchorage length of the external sheets or using anchorage systems in the form of bonded U-shaped channels or jackets at the plate ends may inhibit the premature peeling failure.
There have been extensive experimental investigations [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] on RC beams strengthened with FRP laminates but very few theoretical studies have focused on such structures 16, 17 .
This paper presents an analytical method for estimating the bending capacity of RC sections strengthened with externally bonded FRP laminates. The method is based on the same principles as those adopted in the BS8110 provisions 18 for flexural strength of conventional RC but extended here to account for externally bonded FRP laminates.
CONSTITUTIVE MODELLING OF MATERIALS

Concrete
The stress-strain curve for concrete in compression shown in Figure 1 (a) is used. This relation is the same as specified in BS8110 18 for concrete. It may be written in the following form: ) is the strain at the end of the parabolic part of the stressstrain diagram and  cu (=0.0035) is the ultimate strain of concrete as shown in Figure  1 (a). For the ultimate moment calculation, concrete is cracked in tension, therefore the tensile strength of concrete is ignored.
3
Steel reinforcement
The steel reinforcing bars in both tension and compression are assumed to be elastic perfectly plastic as given below (see Figure 1 (b)):
where  s and  s are the stress and strain in the internal steel reinforcement, respectively, E s is the elastic modulus of steel and f y and  y are the yield stress and strain of steel, respectively.
FRP laminates
The stress-strain relationship for uni-directional fibre laminates is linear elastic up to rupture. It is given by:
where f f and  f are the stress and strain in FRP laminates, respectively, E f is the modulus of elasticity of FRP laminates, and f fu and  fu are the ultimate strength and strain of FRP laminates, respectively as shown in Figure 1 (c).  externally bonded FRP laminates having an area A f at a depth d f from the top face. It is assumed that premature failure, such as peeling or separation of FRP laminates, is prevented and only flexural failure modes are studied.
FLEXURAL CAPACITY AND FAILURE MODES
Compatibility conditions
Provided that plane section before bending remains plane after bending, the strain at any point across the section is linearly proportional to its distance from the neutral axis as shown in Figure 2 
At the instant of failure, either the concrete strain  c at the extreme compression fibre or the FRP composite strain at the extreme tension fibre reaches the respective ultimate strain; i.e.  c =  cu = 0.0035 or  f =  fu .
Equilibrium conditions
Having determined strains in concrete, steel and FRP laminates, stresses  c in concrete, 
In the above Eqs. (1 to 5), the neutral axis depth x is in fact the only unknown. An iterative trail and error procedure is usually adopted to find the correct value. An initial value for x is assumed and the strains and hence stresses are then determined. If Eq. (5) is not satisfied, the value of x is adjusted and the procedure is repeated until sufficient accuracy is attained. However, the neutral axis depth x may be explicitly estimated in some special cases as explained below. The moment capacity M u of the section is then calculated by taking moments of forces about any horizontal axis in the section; for instance, about the centroid of the FRP laminates:
Mode I: Tensile rupture of FRP laminates
If the area of FRP laminates externally bonded to the RC section is below a certain limit to be defined later, the FRP strain  f reaches the ultimate strain value  fu while the concrete strain  c at the extreme compression fibre is still below the ultimate strain  cu as shown in Figure 3 
The limiting area A fl of FRP laminates can readily be calculated from Eq. (5) with  s and f f replaced by f y and f fu , respectively:
The stress (8)) forms a lower limit to the size of FRP laminates in order to avoid tensile plate rupture. Obviously, if the neutral axis depth of the unstrengthened RC section is greater than or equal to x l , the limiting area A fl of FRP laminates calculated from Eq. (8) is negative and this failure mode would not occur whatever the area of FRP laminates provided. The moment capacity M ul of a RC section strengthened by externally bonded FRP laminates of an area A fl is calculated using Eq. (6) as follows:
Mode II: Yielding of steel reinforcement followed by crushing of concrete (underreinforced case)
This mode of failure is characterised by yielding of steel reinforcement followed by crushing of concrete (see Figure 3 (b) for strain distribution). In this case, the area of FRP laminates is greater than A fl , therefore tensile rupture of FRP laminates would not occur. This case is similar to the under reinforced section of conventional RC beams 18 . 
The neutral axis depth x u given by Eq. (10) is the same as that defines the balanced section for conventional RC beams without externally bonded FRP laminates 18 Figure 3(c) . In this case, there is a large amount of internal and external reinforcements and the section is over reinforced. Such failure, often explosive, occurs with little warning, similar to that of conventional over RC beams. Table 1 summarises the range of different parameters for the three flexural failure modes presented.
COMPARISONS WITH EXPERIMENTS
Test results of 48 reinforced concrete beams strengthened with externally bonded FRP laminates published by other researchers are used to validate the proposed method. Table 2 (11)) of FRP laminates forms the upper limit to the area of FRP laminates selected. The higher the size of FRP laminates, the less the rate of increase of the normalised moment capacity  for the same internal steel reinforcement ratio  s .
DESIGN GUIDELINES FOR FRP LAMINATE SIZE IN FLEXURE
In the following, the area A f of FRP laminates to be externally bonded to a RC section is calculated in order to increase its moment capacity to M f . It is always desirable that the internal reinforcing steel bars yield before crushing of concrete and tensile rupture of FRP laminates is avoided. In order to achieve this ductile behaviour (under reinforced case), the target moment capacity M f of the RC section strengthened with externally bonded FRP laminates must satisfy the following constraints:
where M ul and M uu are the lower and upper limits to the moment capacity as given by Eqs. (9) and (12), respectively. In this case, the strain distribution shown in Figure 3  into Eq. (6) with the yield strength of the tension and compression reinforcements produces:
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In the above equation, the compression steel reinforcement is assumed yielded, otherwise, the size of FRP laminates has to be iteratively determined. The neutral axis depth x may be expressed as:
where Z f is the lever arm between the concrete compressive force C and tensile force T f in the FRP laminates as shown in Figure 2 (c). Substituting for x into Eq. (14) and rearranging:
Assuming: Solving the above quadratic equation gives:
The above equation is similar to that given in BS8110 18 to calculate the lever arm between the concrete compressive and steel tensile forces for conventional RC sections.
Taking moments of forces shown in Figure 2 (c) about the concrete compressive force C gives:
The required area A f of FRP laminates is:
where f f is the stress in the FRP laminates calculated using Eq. 3(a) where the strain  f is determined by substituting for x (Eq. (15)) and  c (=0.0035) in Eq. 4(c) and
The area A f calculated above using Eq. (22) should satisfy the following condition:
An example showing how to calculate the area of FRP laminates to enhance the moment capacity of a reinforced concrete section is given in Appendix II. 
APPENDIX I: FORMULAE FOR K 1 AND K 2
In the previous analysis, the concrete compressive stress distribution was replaced with a fictitious rectangular block. The properties of the idealised block may be expressed in terms of two parameters k 1 and k 2 . Comparing the idealised rectangular and actual concrete compressive stress blocks, the following formulae for k 1 and k 2 may be driven:
and where
where  (= c /  o ) is the ratio of the extreme compressive concrete strain  c (see Figure   2 (b)) to the strain  o at the end of the parabolic part of the stress-strain diagram (see 13 Figure 1(a) ). E c ,  c ,  o and f cu have the same definition as given above. For design purposes, BS8110 18 gives fixed values for k 1 (= 0.67) and k 2 (= 0.9), when  c =  cu = 0.0035.
APPENDIX II: NUMERICAL EXAMPLE
The moment capacity of the unstrengthened reinforced concrete section shown in Figure   5 is 225.0 kNm, calculated according to BS8110
18 with all safety factors removed. It is required to determine the size A f of externally bonded FRP laminates to increase the moment capacity to 300 kNm (33% increase in the moment capacity). The ultimate strength f fu and modulus of elasticity E f of the externally bonded FRP laminates are assumed to be 400 N/mm 2 and 37000 N/mm 2 , respectively. Values of different parameters are estimated and presented in Table 3 , below. 
The compressive force C is calculated based on fixed values for k 1 (=0.67) and k 2 (=0.9) as given by BS8110 18 . 
